Introduction
In this paper we offer a series of new results devoted to the numerical analysis of a double-walled carbon nanotube model. This model is given in the form of two coupled Timoshenko beams connected through the distributed Van der Waals force (Gibson et al., 2007; Ru, 2000) . Typically, nanotubes can be modeled as quantum systems and studied by a molecular simulations approach, or as classical systems (such as flexible beams, shells membranes (Mahan, 2002; Pantano et al., 2003; Wang et al., 2004; 2005) ), or as specific hybrid models (Wang, 2005) . The choice of model in any situation involves a tradeoff in that, while molecular models may yield more accurate results, implementing them is extremely time and labor intensive, which is not the case for models from continuum mechanics. The scientific and engineering communities have acknowledged the very desirable properties of carbon nanotubes (CNTs) and their potential use in wide-ranging applications. The author of (Jamieson, 2000) argues that nanotechnology, mainly due to CNTs, may impact technology more than did the silicon revolution. Depending on the atomic structure, CNTs have electrical properties that can range from those of metals to those of semiconductors. The mechanical properties of CNTs are also unique. They possess exceptionally high specific stiffness and specific strength; they are extremely elastic, being able to bend through a complete 360 • without noticeable damage. The application potential for materials with these properties is almost limitless. Developing mathematical models for CNTs is of critical importance. Such models must be verified and quantified by performing and analyzing experiments. As we have mentioned, two groups of models exist: molecular simulation models and continuum mechanics models. Continuum models are generally based on traditional engineering models such as beams, shells, or membranes. The nanotubes are treated as continuous materials with definite geometries and common material properties such as Young's modulus. In contrast, molecular models consider each atom, and mathematically define the interactions among the atoms. Based on their work on atomic simulations of CNTs, the authors of (Jakobson et al., 1996) provide a justification for incorporating continuum mechanics models into CNTs study, A Numerical Study of the Vibration Spectrum for a Double-Walled Carbon Nanotube Model 3
The mathematical model
We consider the system consisting of two Timoshenko beams coupled through the van der Waals force, as given in (Shubov & Rojas-Arenaza, 2010a; b; c) : 
For boundary conditions, the left end of each beam is free, while the right end of each is subject to the standard set of two-parameter boundary conditions:
W 2x (0, t) − Φ 2 (0, t)=Φ 2x (0, t)=0 (7,8)
EΦ 2x (L, t)=−σβ 2 Φ 2t (L, t).
Here, 0 ≤ x ≤ L where L is the length of each beam, and t ≥ 0. W i (x, t) is the transverse displacement of beam i, Φ i (x, t) is the bending angle of beam i, i = 1, 2. The physical and geometrical constants are as follows: σ is the mass per unit volume; E,Y oun g'smodulus;G, the shear modulus; A i , the uniform cross-sectional area of beam i; I i the uniform area moment of inertia of beam i;andk i ; the shear connection factor for beam i.W enotethatE = 2(1 + ν)G, where ν is the Poisson's ratio. Further, we note the following:
We separate variables by letting
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Here, we havek
Again, following (Shubov & Rojas-Arenaza, 2010a) , we consider the special casẽ
We must note that these conditions cannot hold for a physical double-walled carbon nanotube (e.g., the shape factors must be different, k 1 = k 2 ). However, without these assumptions, the asymptotic treatment of the problem becomes extremely difficult, and possibly intractable. Thus, at this point in time, this particular special case is the only one for which there are analytical results with which to compare. We now cast the problem in dimensionless form. Following (Traill-Nash & Collar, 1953) and, more appropriately, (Coleman & Schaffer, 2010) , we introduce dimensionless quantities as follows:
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Then, the set of frequencies −iλ of system (31)-(42) splits into the following four separate branches:
− iλ
where α
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We note that log represents the complex logarithm, log z = ln |z| + i arg z.W en o t ea l s ot h e important fact that the Van der Waals force between the two tubes does not appear in the first-order approximation.
The legendre-tau spectral method
We compare the asymptotic results of the Theorem with a numerical approximation of the spectrum using the Legendre-tau spectral method (Gottlieb et al., 1984) . This entails transforming problem (1)- (12) to one on the interval −1 ≤ x ≤ 1 by letting x → 2 L x − 1. Assuming there will be no confusion, we keep the original variables x, w i , φ i , i = 1, 2, and the resulting system is
2 L w
We let
where P n is the Legendre polynomial of degree n.
We then compare coefficients of x n ,forn = 0, 1, . . . , N − 2, in each of the equations resulting from (47)- (50) and, including the 8 equations resulting from boundary conditions (51)- (58),
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where A, B and C are (4N + 4) × (4N + 4) matrices. Then, the vibration spectrum consists of those numbers −iω,whereω is a latent value of (59), i.e., where ω satisfies
It is easy to show that ω satisfies (60) if and only if ω is an eigenvalue of the (8N
where I is the (4N + 4) × (4N + 4) identity matrix and 0 the (4N + 4) × (4N + 4) 0-matrix. In practice, A is often singular-indeed, that is the case here. We remedy the situation by letting
where X, Y, Z,o fc o u r s e ,a r e(4N + 4) × (4N + 4) matrices X is nonsingular, so we may proceed by finding the eigenvalues of
and transforming back.
Comparison of numerical and asymptotic results
Assumptions (29) imply that k 1 = k 2 and A 1 /I 1 = A 2 /I 2 . While, as mentioned above, this means that we are not looking at a double-walled tube, these assumptions have the advantage of allowing us better to see the effect that the damping parameters and Van der Waals force have on the imaginary parts-i.e., the actual "frequency" parts-of the eigenfrequencies, as we shall see below.
Form our physical and geometrical parameters, we choose the carbon nanotube data given in (Wang et al., 2006 (43)- (46), the asymptotic behavior of the imaginary parts of the eigenfrequencies will behave as though both right ends are free; similarly, if the arguments in the logs all are negative, the behavior will be as if both right ends are clamped. (Of course, there are many more possibilities; however, "clamped" and "free" are the most common types, so, due to space limitations, we restrict ourselves to these two cases. Also, we mention that the critical cases α ′′ = 1andβ ′′ = 1 are studied in (Coleman & Schaffer, preprint) , for the single Timoshenko beam.) Further, our choices are guided by the wish to see clearly the separation of the spectrum into branches. To study the case where the right ends are free-like, we choose our dimensionless damping parameters to be α
For clamped-like, we choose:
For all of our numerical examples, we have performed computations at N = 180, 200 and 220 Legendre polynomials, and we see that all results have converged to at least 10 decimal places. 1) For our first example, we consider the case with damping parameters given by (61) and with no Van der Waals force. This will give us a baseline for later examples, and will allow us to see how the spectrum separates into four branches. The results can be seen in Tables 1A  and 1B , where we actually separate the frequencies into their four branches. First, however, we must note that the branching is an asymptotic phenomenon, thus one needs to go out along the spectrum before it can be seen. As mentioned earlier, for larger values of L/d,one must go very far out before one sees the branching starting to occur. Here, we begin to see the branching and agreement with the asymptotic results pretty clearly after about the 4th or 5th eigenfrequency of each branch. For the first few, however, it may not even make sense to assign them to a branch; thus, while we do so by making our best guess, we mark them with * to denote the fact that this assignment is problematic. Table 1A , then, lists the first 40 eigenfrequencies, and the 50th, 60th, 70th, 80th, 90th and 100th eigenfrequencies, of each α-branch. The final column lists the asymptotic approximations for the imaginary parts, and the line at the bottom gives the asymptotic approximations for the real parts. Table 1B does the same, but for the β-branches. As mentioned, in both tables the frequencies seem clearly to have split into branches, based on the real parts, well before the 10th frequency. By the 100th frequency in each branch, we have at least a three-decimal place match between the numerical and asymptotic real parts, and a four-decimal place match between the numerical and asymptotic imaginary parts. One item of note: we see that the first frequency of the α-branch predicted by the asymptotic results does not appear. As we shall see, it appears that this frequency may have been "damped out" by the boundary damping.
2) For Example 2, we use the damping parameters given in (62), and Tables 2A and 2B  are analogous to Tables 1A and 1B , respectively. Here, it is not clear how to deal with the first few entries in each table. However, they separate into branches very quickly. In Table 2A we see that, by the 100th frequency, we have at least a three-decimal place match between the numerical and asymptotic real parts, and a three-decimal-place match between the numerical and asymptotic imaginary parts. In Table 2B , by the 100th frequency we see a four-decimal place match between the numerical and asymptotic frequencies. Meanwhile, for 3) For Examples 3 and 4, we look at two cases without boundary damping. Example 3 considers the case where the right ends are free, that is, for which
while Example 4 considers the right ends to be clamped, i.e.,
We note that, in Examples 3 and 4, all numerical real parts are of absolute value < 1.0E − 10.
The results for Example 3 can be found in Tables 3A and 3B . In Table 3A , we list the imaginary parts of the first 40 frequencies. The first column represents the double α-a n dβ-branches, identical for C ′ = 0. Introducing C ′ > 0 leads to the splitting of these pairs. What is striking is that, for each pair of frequencies, one decreases as the value of C ′ increases, while the other is unaffected. (Indeed, it turns out that each of the even-numbered frequencies is unchanged to 13 decimal places!) Secondly, as we go out along the spectrum, the first member of each pair is less affected by the Van der Waals force, so that, when we get to the 39th-40th pair, they agree to three decimal places. (We look more closely at this phenomenon in Table 3B .) Further, in comparing these results with those of Example 1, we see that the first predicted frequencies, missing in Table 1A , do appear here. Thus, as mentioned, it appears that the first pair was damped out via the boundary damping in Example 1, and that only one of these seems to be damped out by the inclusion of the Van der Waals force. Further, by comparing the first column of Table 3A with the results of Example 1, it is clear that the damping also affects the imaginary or "frequency" parts of the eigenfrequencies. In Table 3B , we list the 49th-50th, 99th-100th, 149th-150th, 199th-200th, 249th-250th, 299th-300th, 349th-350th and 399th-400th eigenfrequencies, both numerical and asymptotic, for the case C ′ = 1 (i.e., corresponding to the last column in Table 3A) . We see still closer agreement between the entries in each pair, and very close agreement with the asymptotics, as well. (Note that we list the branch for each eigenfrequency.) (Of course, the numbering here is very different from the numbering in Examples 1 and 2; e.g., the 40th entry in Table 3A corresponds to the 12th entry in Table 1A .) 4) The results of Example 4 are given in Tables 4A and 4B, in the same format as Tables 3A  and 3B , respectively. In Table 4A , we see that the matching between the members of each pair is quite similar to that occurring in Table 3A . And again here, we see in Table 4B still closer agreement in each pair, and with the asymptotic results. 5) Example 5 is combination of Examples 1 and 3, and Example 6 is a combination of Examples 2 and 4. Example 5 looks at the damped system with the free-like parameters in (61), for the Van der Waals constant with values C ′ = 0, .5 and 1. The results are given in Tables 5A  and 5B . In Table 5A , we proceed as in Table 3A , by listing the first 40 eigenfrequencies, although here we consider only the three values of C ′ . We see here that, for each pair, both 377 A Numerical Study of the Vibration Spectrum for a Double-Walled Carbon Nanotube Model www.intechopen.com imaginary parts are affected by the Van der Waals force. However, we still see the closer matching of each pair as we go out along the spectrum. Meanwhile the real parts (damping rates) also are affected by the Van der Waals force, although there does not seem to be a noticeable pattern in that, in some cases it increases, while for others it decreases; in particular, there seems to be no branch-related pattern. Table 5B , then, is analogous to Table 3B , again using only the Van der Waals constant C ′ = 1. For the imaginary parts, the results are quite similar to those given in Table 3B . Meanwhile, the effect of the van der Waals on the real parts is diminished, as well, with the exception of the β 2 -branch. However, this must be due to the fact that the β 2 damping rates are an order of magnitude smaller than the other damping rates. 6) In Table 6A , we proceed as in Table 4A , by listing the first 40 eigenfrequencies, but again only considering the three values of C ′ . We see again that, for each pair, both imaginary parts are affected by the Van der Waals force. Again we see the closer matching of each pair as we go out along the spectrum. Indeed, the last few pairs match more closely than the undamped pairs in Table 4A . The real parts behave quite the same as in Table 5A . Table 6B , then, is analogous to Table 4B , once more using only the Van der Waals constant C ′ = 1. Again, the imaginary parts behave quite similarly to those in Table 4B , and the real parts behave quite similarly to those in Table 5B .
In closing, we should mention that, although the results in (Shubov & Rojas-Arenaza, 2010b) show that the system is nonconservative, we have been unable to find any unstable eigenfrequencies in our numerical investigations. Table 2B . Numerical eigenfrequencies 1-40, 50, 60, 70, 80, 90 and 100 for the β 1 and β 2 branches from Example 2. The asymptotic imaginary parts are given in the last column, while the asymptotic real parts appear at the bottom.
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Electronic Properties of Carbon Nanotubes www.intechopen.com Table 3B . Numerical and asymptotic eigenfrequencies (imaginary parts) 49, 50, 99, 100, 149, 150, 199, 200, 249, 250, 299, 300, 349, 350, 399 , 400 from Example 3, computed for the Van der Waals constant C ′ = 1. . 12.98454240 12.82401972 12.66021095 12.49299083 12.32222077 2. 12.98454240 12.98454240 12.98454240 12.98454240 12.98454240 3. 20.80444376 20.73055727 20.65705225 20.58390602 20.51109394 4. 20.80444376 20.80444376 20.80444376 20.80444376 20.80444376 5. 31.18843099 31.12463266 31.06111752 30.99788409 30.93493102 6. 31.18843099 31.18843099 31.18843099 31.18843099 Table 4B . Numerical and asymptotic eigenfrequencies (imaginary parts) 49, 50, 99, 100, 149, 150, 199, 200, 249, 250, 299, 300, 349, 350, 399 , 400 from Example 4, computed for the Van der Waals constant C ′ = 1. Table 5B . Numerical and asymptotic eigenfrequencies (imaginary parts) 49, 50, 99, 100, 149, 150, 199, 200, 249, 250, 299, 300, 349, 350, 399 , 400 from Example 5, computed for the Van der Waals constant C ′ = 1. 
